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treatment may lower the GoF significantly. Corrections
for thermal diffuse scattering (Helmholdt & Vos, 1975)
may also be important. To what extent these changes
in data reduction will affect the charge-density
parameters is uncertain but it may well be that the
resolution of the bonding-density features could be
further improved.
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Pairs in P2,: Probability Distributions which Lead to Estimates of the Two-Phase
Structure Seminvariants in the Vicinity of 0 or 7
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The first sequence of nested neighborhoods of the two-phase structure seminvariant @,, = @5, — @k in the
space group P2, is defined, and conditional probability distributions associated with the first four
neighborhoods derived. In the favorable case that the variance of a distribution happens to be small, the
distribution yields a particularly reliable value for ¢,,. The most reliable estimates are obtained when

9,~0orm

1. Introduction

In the space group P2,, the linear combination of two

phases
012 = Pricty — Phokt
is a structure seminvariant if and only if

(1.1)

(h, — hy, 0,1, — L) = 0 (mod @,) (1.2)

where w,, the seminvariant modulus in P2, is defined
by
w, = (2,0,2). (1.3)

In short, ¢,, is a structure seminvariant if and only if
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h, — h, and /| — [, are even integers. The algebraic
theory of these seminvariants was initiated several
years ago (Hauptman, 1972), but the results obtained
in the present series of papers go far beyond those
obtainable by algebraic means. In this and the following
two papers (Hauptman & Green, 1978; Green &
Hauptman, 1978), the probabilistic theory of these two-
phase structure seminvariants is initiated via the
Principle of Nested Neighborhoods (Hauptman,
1975a,b). Unlike the theory of the four-phase structure
invariant in P1 and P1 (Hauptman, 1977b,c), which is
based on a single sequence of neighborhoods
(Hauptman, 1977a), here there exist two distinct
sequences of neighborhoods associated with the two-
phase structure seminvariant. Estimates of ¢,, obtained
from the first sequence of neighborhoods tend to be
most reliable when the estimates are in the vicinity of O
or 7. Estimates obtained from the second sequence of
neighborhoods are most useful when ¢,, is in the
vicinity of +m/2. Thus the two sequences of
neighborhoods complement each other.

In this paper, probability distributions associated
with the first four neighborhoods of the first sequence
are obtained. Probability distributions associated with
the first four neighborhoods of the second sequence are
derived in the second paper. In the third paper,
conditional probability distributions of a structure
seminvariant, given, not only magnitudes |El, but the
values of one or more structure seminvariants as well,
are used to estimate the values, ie. both magnitudes
and signs, of a family of structure seminvariants
consistent with a specified enantiomorph.

2. The first sequence of neighborhoods of the two-phase
structure seminvariant, @, ,;, — @, in P2,

2.1. The first neighborhoods

Assume that (1.2) holds. Construct the four-phase
structure invariant

Chuscts — Phakts — Phtm—ha.bti-1y — Pyni—m,a3w-ty (2.1)

where g is an arbitrary non-zero integer. In view of
(1.2) and (1.3), the components (A, — h,) and (/, — )
are integers. The theory of the first neighborhood of the
four-phase structure invariant (Hauptman, 1975a,b)
shows that the linear combination of phases (2.1) is
probably close to zero if the four magnitudes of the
first neighborhood are large. However, in P2,,

IE%(m—hz),q.ﬂh—lz)l = lE%(hl—hz).li,%(h—Iz)‘ (2~2)
and
Prh-n gttty T Pim-ma -ty = 74- (2.3)
Therefore, in view of (2.1), if the three magnitudes
|E'nkl||’ |Ell:klzl’ |E%('ll—’l2)-q.‘;‘i(ll—12)l (2'4)

are large, the quartet (2.1) is probably close to zero,

and
0, ~ 1g. (2.5)
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In other words, if the magnitudes (2.4) are large,
2.6)

according as g is even or odd, respectively. Accordingly,
the first neighborhood of ¢,, is defined to consist of the
three magnitudes (2.4) which are shown in the first
shell of Fig. 1. Since g is an arbitrary non-zero integer,
there are many first neighborhoods.

9,~0o0rx

2.2. The second neighborhoods

The second neighborhood of the two-phase semin-
variant ¢,, is defined to be the second neighborhood
of the four-phase structure invariant (2.1) (Hauptman,
1975a,b). Thus, the second neighborhood consists of
the three magnitudes (2.4) and the three additional
magnitudes

IE%(h|+hz),q+k,%(l|+Iz)I’ IE%(h.+hz).q—k,%(h+lz)I’

2.7

lEhl—hz.O,ll—lzl’

shown in the second shell of Fig. 1.

In view of the quartet theory, if the six magnitudes
(2.4) and (2.7) are all large, the quartet (2.1) is
probably close to zero, and

@y, ~ . (2.8)
However, if the three magnitudes (2.4) are large and the
three magnitudes (2.7) are small, then the quartet (2.1)

t
Eayas

Tk 4330440

GIOTANIAL

(E40e, 403064

1Espsyetyt)

B 440730 4)

‘E'(4-a Yy:a '_(/'/,)l
3ok )y 3l E
Hhsh)o 4 )

JEy (43 4) 043400 E ek )0 a 30 0))

'Eg(l,- 4).0: ;,}(1_./‘)‘ IE Hhz4).0: l,g(l;g)l

1E 44, ec4 300

Fig. 1. The first sequence of nested neighborhoods of the two-phase

structure seminvariant ¢,, in P2;; h, = h, (mod 2), I, = [,
(mod 2) and g, r, s, ¢, u and v are arbitrary non-zero integers.
The first neighborhood consists of the three magnitudes in the
first shell, the second neighborhood of the six magnitudes in

the first two shells, etc.
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is probably close to 7, and

P ~nlg + 1). (2.9

Since g is an arbitrary non-zero integer, there are many
second neighborhoods.

2.3. The third neighborhoods

The third neighborhood of ¢,, is again obtained by
arguments similar to those used previously for the
four-phase structure invariant (Hauptman, 1977a). If
hykl, is a reciprocal lattice vector which satisfies

(h, k1) — (h;kly) =0 (mod w,) (2.10)
then

923 = Phokta — Phskis (2.11)
is a two-phase structure seminvariant. The second
neighborhood of ¢,, consists of the six magnitudes

lEhzklzl’ IEhxklxl’

IEhz— h3,0,02 —ls' ’

lE%(hz—hs),r.%(lz—h) l,
(2.12)

where r is an arbitrary non-zero integer. Since ¢,, and
@, are both two-phase seminvariants,

lE%(hH»h:),rik,%(lﬁ» 13) L

D31 = Ohskts — Phukny (2.13)

is also a structure seminvariant and has a second
neighborhood consisting of the six magnitudes

\E Y-y, 3s-t s

IEIU—In,O,l:-IlI’ lE%(hth),Stk.%(lHln) L,

IEhlklll’ lEh:kl,\l’
(2.14)

where s is an arbitrary non-zero integer. However,
from (1.1), (2.11), and (2.13), the following identity
holds:

P12+ Oy + 03, =0. (2.15)

Therefore, in the favourable case that the six-magnitude
estimates yield values for ¢,,, ¢,,, and ¢, in accord
with (2.15), ¢, will be well estimated in terms of the
18 magnitudes (2.4), (2.7), (2.12), and (2.14) of which
only the following 15 are distinct:

IEhlkllI’ IEhzklzl’ |E'l3kl]" IE'%(hl—’ﬂ),q.%(ll—ll)l’

' Hh-hi),r, 31— 1) Iy E%(hs—hu),s.%(l:—h) l,

IE%(hn+hz).q1k,%(ll+h)" IE%(hz+h:),rik.%(lz+la)|’

'E%(hwhl),sik.%(lu-lu)I’ lElu—hz,O,h—lzl’

lEhz—h:‘,o,lz—lsl ’ lEln—lu,o,l;u—lxl'

(2.16)

Thus, the third (15-magnitude) neighborhood of ¢,,
is obtained by adjoining to the second (six-magnitude)
neighborhood, (2.4) and (2.7), the nine additional
magnitudes shown in the third shell of Fig. 1,

‘Ehaklal’ IE%(hz—h;),r,%(Iz—ls)ls IE%(hJ—hl),S,%(IJ-Jl)"

IEhz—hs,O,lz—Isl’ lEhs—lu,o,l'.‘—lll’ lE%(hz+h3),rik,v}(lz+13)|9

\E hash),stk (s 1o 2.17)

where r and s are arbitrary non-zero integers; hence
there are many third neighborhoods.

PAIRS IN P2,: SEMINVARIANTS IN THE VICINITY OF 0 OR 7

One naturally anticipates that the conditional
variance of the two-phase structure seminvariant g, ,,
given the 15 magnitudes in its third neighborhood,
will be small if the six-magnitude second neighbor-
hoods of ¢,,, ¢,;, @;, yield estimates for the latter in
accord with the identity (2.15). Thus, those neighbor-
hoods are most useful for which

' E%(hl—hz),q,%(h—lz) l, |E~}(hz—h3).r.%(12- 13 L 'E%(hs-hl),s,%(h-m I
(2.18)
are large.

2.4. The fourth neighborhoods

Again, as in § 2.3, the fourth neighborhood of ¢,, is
obtained by the same method as that used for quartets
(Hauptman, 1977a). If (h,kl,) is a reciprocal lattice
vector satisfying

(hkl) — (h ki) =0 (mod w,), (2.19)
then

014 = Pkt — Phakta (2.20)
is a structure seminvariant. The second neighborhood
of ¢,, consists of the six magnitudes

lEhlkh" IEIukhl’ lE'}(hl—hd).I.%(ll—ll)l’ IE'}(h|+h4),t+k,1':(l|+14)I’

|E%(h.+m),t—k,%(1l+u)" IEhl—Iu,O,Il—ldl’ 2.21)

where ¢ is an arbitrary non-zero integer.
From (1.2), (1.3), (2.10) and (2.19), it is seen that
h; and h, have the same parity, as do /, and /,, so that

a3 = Pt — Pkt (2.22)

is also a structure seminvariant. The second neighbor-
hood of ¢,, consists of the six magnitudes

'Elnklsl ’ IEh4k14 l ’ IE%(m—ha),v,-'i(h—ls) | s
|E,

z(h4+hs),v+k.'}(14+13)|’ IE%(h4+h3).v—k.'}(14+l:)l’ Elhq—ha,o,h—hl’
(2.24)

where v is an arbitrary non-zero integer, and the three

seminvariants ¢;,, ¢, 9, satisfy the identity

O3+ Q4+ 93 =0. (2.25)

In view of (1.2), (1.3) and (2.19) h, and A, have the
same parity, as do /, and /,, so that

(2.26)

is also a structure seminvariant. The second neighbor-
hood of ¢,, consists of the six magnitudes

D2 = Onarts — Phokia

lEhzklzl’ IEh4k14l’ IE-}(hc—hz),u,-}(la—lz)I’ ‘E%(h4+hz),u+k,%(l4+lz)|’
2.27)

where u is an arbitrary non-zero integer. Since ¢, =
—@»in particular ¢,, = —g,,, the identity
O3+ P34 + 9, =0 (2.28)

holds. The 28-magnitude fourth neighborhood of ¢,,
is obtained by adjoining the 13 distinct magnitudes in

lE%(Iu+hz),u—k.%(la+Iz) L IEha—hz‘O,h—lzl ’
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(2.21), (2.24) and (2.27), shown in the fourth shell of
Fig. 1, to the 15 magnitudes of the third neighborhood,
(2.16).

We expect that, in the favorable case that the six-
magnitude estimates of the structure seminvariants
P13 P13 Pras P23 Ppe P34 conform to the identities
(2.15), (2.25) and (2.28), then the variance of the
conditional probability distribution of ¢,,, given the 28
magnitudes in its fourth neighborhood, will be reduced
and the corresponding estimate for ¢,, better than those
of the lower-order distributions.

3. Probabilistic background and notation

It is assumed that a crystal structure in P2, consisting
of N atoms, not necessarily identical, in the unit cell
is fixed, and that the three non-negative numbers
R,, R,, R5,, are also specified. Suppose that the
ordered pair [(k,kl,), (h,kL)] of reciprocal vectors is
a random variable which is uniformly distributed
over that subset of the two-fold Cartesian product
W x W of reciprocal space W defined by (1.2), (1.3)
and

IEhzklzl = Rz’ lE%(hl—hz),q,%(Il—lz)I = Rﬁ/no-

3.1

The structure seminvariant, ¢,, is then a random
variable whose conditional probability distribution,
P, given the three magnitudes (3.1) in its first
neighborhood, depends on the parameters R,, R,
R

|y} = Ry

12/10°

ff ° in addition to (3.1), the three non-negative
numbers R, Ryyn5> Ry; are also specified, and it is
assumed that the primitive random variable [(k,kl,),
(h,kl,)] is uniformly distributed over the subset of W x
W defined by (1.2), (3.1) and

'E%(h1+hz) gtk ey = Rygpp
IE'(hl+hz) q-k, -‘(11+lz)l - 12/119
IEhl—hz,O,ll—Izl = li’ (3'2)

then one is led to the conditional probability distribu-
tion, P, of the structure seminvariant ¢,,, given the
six magnitudes (3.1) and (3.2) in its second neighbor-
hood.

One continues in this way first to specify the nine
additional non-negative numbers R;, R,5,0, R,3,;
Ry321 Razs Rsiszer Ryyy31s Ry Ryp and then to assume
that the ordered triple [(A,kl)), (h,klL,), (h k)] is a
random variable which is uniformly distributed over the
subset of the threefold Cartesian product W x W x W
defined by (1.2), (1.3), (2.10), (3.1), (3.2) and by

\Ep gl = R, 'E%(hz-m),r.%(lz-b)l =Ry3500
'E%(hz+h3).r+k,%(tz+13)| =Ry
‘E’i(hz+h3),r-k.%(lz+l:)' = st/zﬁ IEhz—hs.O,Iz—lsl = Rzi’
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|E‘}(h:+hx),s+k,i(l3+h)| =Ry

3.3)

Now one arrives at the conditional probability distri-
bution, P,,,,, of ¢,, given the 15 magnitudes (3.1)—(3.3)
in its third neighborhood. In a similar way one is led to
the conditional distribution of ¢,,, P, ., given the 15

'Ey s hi 30—ty = Rsizzor
\E s hssnn -3t i)) = Ravap 1 Epypyopser] = Ry

magnitudes (3.1)-(3.3) and the 13 additional
magnitudes:
|E el = R, IE%(hx—ha),t,«}(ll—la)l = Ryine

|Ei{hx+h4),t+k,%(l.+u)' =Ryyup

lE'}(h1+h4).t-k,%(ll+la)| =R i

| By, hoo1i-td =Ry |E§(h4-m),u,§(u-m| = Ryz/500

IE%(h4+ )tk der 1yl = Ragyspl E %(ha+hz),u—k,-}(la+lz)| =Rysp
IEhA—hLO.M—lzI = Rﬁ’ lEi(Iu-hs) v,4(ls- ls)l = R4i/60’

lE%(h4+hs),v+k,%(la+l:)' = R43/61’ |E-}(h4+hz) v—k, %(mt;)l = R43/61’s
LEy o ns,0,1-15) = Rz (3.9
In P2, the normalized structure factor E,,, is defined
by
Eppy = 1E gyl expliQ)
2 N/2

k
(eo l/zzzfcos 27z(h r;+ 4)

k
X €Xp [27:1' (kyj — Z):I’

where ¢ = 2 if # = [ = 0 and 1 otherwise; finally,
(x;wpz;) is the position vector of the jth atom. The h
and r; are two-dimensional vectors defined by

h= (hal)s‘ (3'6)
r= (xj',zj)a (37)

and f; is the zero-angle atomic scattering factor of the
atom labeled j; the term g, is defined by

N
g,= Z S
J=1

In the case of X-ray diffraction, the f; are equal to the
atomic numbers Z, In the neutron diffraction case
some of the f; may be negative.

In the sequel conditional probability distributions of
¢, given the magnitudes in each of its first four
neighborhoods, are described. Only the briefest sketch
of the derivations is given in Appendix I for the typical
case of the second neighborhood; the heavy depen-

dence on earlier work permits substantial abbreviation.

3.5)

(3.8)

4. The conditional probability distribution of the two-
phase structure seminvariant ¢, = @, — @num
given the three magnitudes in its first neighborhood

Suppose that the non-negative numbers R, R,, R,
defined in (3.1) are specified. Then, complete to terms
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of order 1/N, P,,; = P, ,(®), the conditional probability
distribution of ¢,,, given the three magnitudes (3.1)
of the first neighborhood, is found to be

1
P~ — exp{ 2 [2(~1YR, R,(R%;,,,— 1) cos @
Ky [

+ R2RZcos 2(1)]}, 4.1)
which is correct through terms of order 1/N. Although
an analytical representation for the normalization
factor K,, may be found, it is not needed for the
present purpose and, in any event, is more easily
computed numerically in any given case.

5. The conditional probability distribution of ¢,
given the six magnitudes in its second neighborhood

Assume that the six non-negative numbers R,, R,
Ri500 Ry Rini Ry; defined in (3.1), (3.2) are
specified. Then, complete to terms of order 1/N, the
conditional probability distribution, P, , = P,(®),
of ¢,,, given the six magnitudes of the second neighbor-
hood, is found to be

1 —2(—=1)R,R
Piy= o exp{“_‘T‘L—z (30} — 020)RT510

K 02

+ (62— 0,0,)(R%,,,, + R%,,,D) — 3(0% — 0,0,)] cos @

0t —0,0
- (B2 Rimzeos 2¢}
0;

x cosh{ 2 [(—1)%(R3;,,, — 1) + 2R, R, coS ¢]}

20
X I{ °R R 540R 5 R} + RS + 2(—=1)'R, R, cos 45]”2}
03?

{2
x I
;.1

The numbers Ry, Ry Ryznp Ripups Rppnis Ry are
parameters of the distribution. The normalization
factor K, is best evaluated numerically, if desired,
since its analytical representation is a complicated
expression involving a multiple infinite series of
products of Bessel functions. Details of the derivation
of (5.1) are given in Appendix 1.*

0'3R

32812710

* Appendix I has been deposited with the British Library
Lending Division as Supplementary Publication No. SUP 32949
(9 pp). Copies may be obtained through the Executive Secretary,
International Union of Crystallography, 13 White Friars, Chester
CH1 INZ, England.

R,4ilR? + R2 + 2(—1)7R R, cos ¢]l/2}.

PAIRS IN P2,: SEMINVARIANTS IN THE VICINITY OF 0 OR =

6. The conditional probability distribution of ,,, given
the 15 magnitudes in its third neighborhood

Assume that the 15 non-negative numbers R,, R,,...,
R,; defined by (3.1)—(3.3) are specified. Then, P, =
P, s(®), the conditional probability distribution of ¢,,,
given the 15 magnitudes (3.1)-(3.3) of the third
neighborhood, is found to be
1 27
Pys ZK— 16 f 0,(Py3) dPy;
1115

0

6.1)

where
303 —
0,0, —expd -2 (A= 2%)
02

x [(=1YR,R;R35,0 cos @y
+ (—1)°Ry R, R%;,3, cos(D,; + D))

0,0
—2 (TZI‘)[(] —1)'R,R (R 32t Rz3/21) cos D,
2
+ (=1FR3R (R}, 5, +R3,5}) cos(®P,; + D))
+6 (93—"2““) [(—1)'R,R, cos @,
03
+ (=1)R,R, cos(®,, + D)]
0% —o0,0
— (%) [R}R%cos 20,,
2

+ R2R? cos(2®,, + 2¢)]}

X cosh{ m” [(—1Y(R%,,0— 1) + 2R, R, cos (pn]}

X cosh{ 03/:l [(=1P(R3j5— 1)
+2R,R, cos(P,; + d)]}
{203
x I
{ 32

Ry510R 321 [R3 + R} + 2(—1)R,R,
5 X cos @,;]'?
o
? Ry350R 2,1 R} + R} + 2(—1)R,R,
X COS <1)23]"2}

03 2 2 s
3/2 R3|/10R31/3|[R3 + Rl + 2(_1)R3R1
X cos(P + 4521)11/2}

x cos(P + @,,)]"2p.

(6.2)

A simple expression for (6.1) appears not to exist.
Hence, one must either resort to an approximate
analytical expression for the integral or evaluate the
expression via numerical techniques. With either
technique the integration leads to a function of order
1/N?, which contains the information associated with

x Iy { R31/10R31/31[R2 + R} + 2(—1)°R,R, }
0y?



EDWARD A. GREEN AND HERBERT HAUPTMAN

the ‘trio relation’, (2.15). Therefore, the conditional
distribution, P,,s, of ¢,, given the 15 magnitudes
(3.1)-(3.3) consists of all terms of order 1/N plus those
terms of order 1/N? which reflect the information in
2.15).

7. The conditional probability distribution of ¢,,,
given the 28 magnitudes in its fourth neighborhood

Denote by P, ,, = P, ,,(®) the conditional probability
distribution of ¢,,, given the 28 magnitudes in the
fourth neighborhood defined by (3.1)-(3.4). Then

1
— Pug f 0/(,) j 0x(,,0,) 49, 4,

Pl _K
1128
(7.1)

where
2

09,9, = exp{-;} (302 —0,0,)
2

X [(=1)YR R Rij 4 cos @,
+ (=1)*R,R,R%;,5,c0s(P — D, )
+ (=1)’R R;R ;3,59 cOS(P + D3 — D))

2
_&‘ (63 — 0,0, [(=1)'R,R,(R}, 4, + R}y q) cos @y,

+ (— 1)“R R,(R2,51 + R%, 5D cos(@ — D)
+ (=1)'R, R3(R43,6l + R% D) cos(D + Dy, — D)l
6
+ = (0} — 0,0, [(=1)R R, cos @,
2]

+ (—1)*R,R,cos(P — P,,)

+ (—1)'R R, cos(® + @,, — D,,)]
2_
— (——03————;7204) [R?R2cos 29,
03

+ R2R2cos 2(@ — @) + RjR3cos 2(P + Dy, }
- 14

3/2

X COSh{ 14 (- l)t(leo 1) +2RR,cos (p“]}

X cosh{ 3/:2 [(—D*(Riz50— D
+2R,R,cos(® — &)
X cosh{ 3/;3 [(— l)v(Raa/éo 1) }

+ 2R, R, cos(P + Py, — D,)]
20,
X Iyq =5, RiimoR
03

2
X [0{

o
= [R 740 R1assil R} + RY
+ 2(—1)YR,R, cos @ ,,]'?

1 (R} + R}
+ 2(=1YR R, cos ®,,]'?

20
X Io{‘;‘/; Ry3/50R 4251 [RE + RS + 2(—1)"R R,
3 X cos(P — qsm)]x/z}
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203 5 5
x I, o R42/so asilR} + R3 + 2(—1)“R,R, }
37

><cos(¢ D))"
20,
x I, 0?2 R0 R

20
X 10{03/; R,560R43/61[R3 + R3 + 2(—=1)'R R, }

[R? + R2 + 2(—1)’R,R,
xcos(P + D,; — ¢14)]1’2}

43/61

xcos(P + D,, — (D BRI
(7.2)

The double integral in (7.1) is also evaluated by
standard numerical integration techniques, and leads
to terms of order 1/N? which contain the information
associated with the identities (2.15), (2.25), and (2.28).

8. The applications

The figures which accompany this section show P, ,,
P, and P, as functions of @ in the interval —180° <
@ < +180°. They illustrate the properties of these
probability distributions for a structure containing
N = 100 identical atoms in the unit cell. The values
given for the various magnitudes are mostly selected
to exemplify ideal behavior of these distributions
(i.e. to minimize their variance), and thus to illustrate
the most reliable estimates of ¢,, which are possible in
a structure of this size. They confirm the plausible
reasoning of §2.

X10

15.714
Pﬂa

13.96 A N =100

Ry~ Rp=Rizpo =3.0
12,22

10.474 |

6.98 A
5.24 1
3.49 1

1.75 1

-180

DEGREES
Fig. 2. The distribution P, , for the values of the parameters shown.

(a) g iseven ( ); (b) g is odd (——-).
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8.1. The first neighborhood

Fig. 2 shows that reliable estimates of ¢,, occur
if the three magnitudes (3.1) are large. If g is even,
the most probable value of ¢,, is zero. If g is odd the
most probable value of ¢, is 180°.

8.2. The second neighborhood

Figs. 3 and 4 illustrate two kinds of distributions
based on the six magnitudes of the second neighbor-
hood. If the three magnitudes (3.1) are large and the
three additional magnitudes (3.2) are also large, ¢,,
is likely to be near O if g is even or likely to be near
+180° if g is odd. This is shown in Fig. 3. If the
three magnitudes (3.1) are large and the three magni-
tudes (3.2) are small, then the most probable value of
¢,, is 0 if g is odd and 180° if g is even. This result
is shown in Fig. 4.

8.3. The third neighborhood

Fig. 5 shows the conditional probability distribution
of ¢,,, given that all 28 magnitudes of the third neigh-
borhood are large. If g and r + s are both even, then
the most probable value of ¢, is 0. If, on the other
hand, ¢ and r + s are both odd, then the most probable
value of ¢, is 180°. In either of these two cases,
the estimate for ¢,, is extremely reliable. If, however,
g + r + s is odd, then the most probable value of ¢,
is +awhere 0 < a < 180°. Thus, ifgisevenand r + s
is odd, then ¢,, ~ +60°; if g is odd and r + s is even,
then ¢,, ~ +120°. In the latter cases the reliability of
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17.457\
\ N=100 I
Ri= Ry=Ryzho = 3.0 |
| Riz[n =Rppi=Riz = 3Ib

Pﬂe

15.71

13.964
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6.98

|
|
\
\
10.47{ |
|
|
|
|
|

!
|
!
!
I
|
[
|
|
I
|
I
5.24 |
/

349{ |

1.751 \

-180 -80 o 90 80
DEGREES
Fig. 3. The distribution P, for the values of the parameters shown.
(a) g is even ( ); (b) g is odd (——-).

PAIRS IN P2,: SEMINVARIANTS IN THE VICINITY OF 0 OR =

the estimate will in general be too low to be useful for
very complex structures, as shown, for example, by the
relatively large variance of Fig. 5(c). Fig. 6 shows
the result obtained when the three ‘cross-terms’

X107

15.714

13.964
P1[s

12.224 N=100

Ry=Ry= R1§|10 =3.0

/]
/

10471 Rizn=Ryp)1i =Rz =0-P

1.754

-180 -90 [0} 90 180
DEGREES
Fig. 4. The distribution of P, for the values of the parameters

shown. (a) g is odd ( ); (b) g is even (——-).
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5.7 R:?'R31|31=R:1]3?=2~5"
|
13.96 |
]
12,224 |
|
|
10.47 |
!
8.73 |
]
6.98 |
|
|
5,241 |
i
3.494 "
\ |
1.75 . /
N\
2
-180 -80 Q0 180
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Fig. 5. The distribution of P, for thc values of the parameters
shown. (@) ¢ and r + s are both even ( ;(b)gand r + s
are both odd (——-); (¢)giseven and r + sisodd (—-—-— ).
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(R 3R 311sR 1217 etc.) of the second neighborhoods of
each of ¢,, and ¢,, are small. Reliable estimates of ¢,,
are obtained if ¢ and r + s are both odd or if ¢ and
r + s are both even. In the former case ¢, ~ 0°,
and in the latter ¢,, ~ 180°. Other parity combinations
of g and r + s lead to estimates of ¢,, having values
between 0 and 180°, but with generally reduced
reliability (e.g. Fig. 6¢).

From the favorable cases considered in Figs. 2—6 it
is seen that as the size of the neighborhood increases,
one may obtain a more reliable estimate of ¢,,; the
larger the neighborhood, the greater is the potential for
obtaining a distribution with a very small variance.

N=100
X10-3 R =Ry =R3:3.0
F1)|15 Ri2110=R23/120 =Ra330=3.0
15. 71
> Ri3=Rioim = Rizpi =0-0
o \ R23 =Ra3,21 *R332§22.5]
13.96
“ R37=R3131 = R337=0-0 ll
! I
12.22 |‘ |
\ |
! !
10.474 |\
\ |
i |
\ ]
8.734 1
\ |
)
6.98 I
|
!
5.24 !
N I
3.49. e 7\
- Il N
1.75 /
//
- $
-180 S0 180

DEGREES
Fig. 6. The distribution P, for the values of the parameters
shown. (@) g and r + s are both odd ( ); (b) g and r + s are
both even (——-); (¢) g is even and r + sis odd (—-—--).
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In the applications one naturally selects those semin-
variants and those of ¢, r, s, ... which lead to distribu-
tions having the smallest possible variance, i.e. the
favorable cases.

9. Concluding remarks

The first sequence of nested neighborhoods of the
two-phase structure seminvariant ¢,, in P2, has been
found. The conditional probability distributions of ¢,,,
given, in the first instance, the three magnitudes of the
first neighborhood; in the second instance, the six
magnitudes of the second neighborhood; thirdly, the 15
magnitudes of the third neighborhood; and finally, the
28 magnitudes of the fourth neighborhood, have been
derived. The distributions yield estimates for ¢,, which
may lie anywhere in the interval (—x,7) but which
are most reliable in the case that ¢, ~ 0 or n. As
anticipated, when more magnitudes are used more
reliable estimates are obtainable, but in practice the
gain in using distributions of order higher than P,
may only be marginal, as Figs. 3—6 suggest.
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